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Previous Lecture: Heckscher-Ohlin Framework
• Multiple factors of production
• Same production technology across countries, goods differ in their factor intensities
• Countries differ in their factor endowments, only source of comparative advantage
Framework has predictions regarding trade flows and factor prices

Dynamic Heckscher-Ohlin Framework
How does international trade affect growth in a Heckscher-Ohlin framework?
• Think about growth through capital accumulation
• Should countries converge or diverge?

Growth and Interdependence: Ventura (1997)
Ventura wants to explain following two observations:
• Conditional convergence: poor countries grow faster than rich countries
• East Asian Miracle: Several countries experienced sustained high growth rates at levels never
before observed

Quick Note: Conditional Convergence
Two types of conditional convergence:
• 𝛽𝛽-convergence: poor countries grow faster than rich countries in a growth regression
log 𝑦𝑦𝑖𝑖,𝑡𝑡 = 𝛼𝛼 + 1 − 𝛽𝛽 log 𝑦𝑦𝑖𝑖,𝑡𝑡−1 + 𝜖𝜖𝑖𝑖𝑖𝑖

• 𝜎𝜎-convergence: cross-country dispersion in real gdp per capita falls over time

Asian Miracle: GDP per capita (2005 USD)

Asian Miracle: GDP per capita (2005 USD) – log scale

Growth and Interdependence: Ventura (1997)
Ventura wants to explain following two observations:
• Conditional convergence: poor countries grow faster than rich countries after controlling for
education and policy
• East Asian Miracle: Several countries experienced sustained high growth rates at levels never
before observed
Tries to explain these observations by embedding a Ramsey growth model in a Heckscher-Ohlin
framework. Argues Factor Price Equalization can explain these observations.

Ventura’s Setup
• 𝑖𝑖, 𝑗𝑗 = 1, … , 𝑁𝑁 Countries

• Constant share of world‘s population in country 𝑗𝑗: 𝜋𝜋𝑗𝑗 (World population grows at rate 𝑛𝑛)
• Two immobile factors of production: 𝐾𝐾, 𝐿𝐿

• Two freely traded intermediate goods: a capital good, 𝑥𝑥𝑘𝑘 , and a labor good, 𝑥𝑥𝑙𝑙
• Non-traded final good: 𝑦𝑦𝑗𝑗 (normalize 𝑝𝑝𝑗𝑗 = 1)
First consider Autarky version of world

Representative Consumer
Representative consumer in country 𝑗𝑗 maximizes utility
∞

max � 𝑒𝑒 −
0

𝜌𝜌−𝑛𝑛 𝑡𝑡

log 𝑐𝑐𝑗𝑗 𝑡𝑡 𝑑𝑑𝑑𝑑

Where 1 > 𝜌𝜌 > 𝑛𝑛 (𝑛𝑛 is growth rate of population), subject to budget constraint (note 𝑝𝑝𝑗𝑗 = 1)
𝑐𝑐𝑗𝑗 𝑡𝑡 + 𝑘𝑘̇𝑗𝑗 𝑡𝑡 + 𝑛𝑛𝑘𝑘𝑗𝑗 𝑡𝑡 = 𝑟𝑟𝑗𝑗 𝑘𝑘𝑗𝑗 𝑡𝑡 + 𝑤𝑤𝑗𝑗 𝑡𝑡

Where 𝑘𝑘̇𝑗𝑗 𝑡𝑡 = 𝜕𝜕𝑘𝑘𝑗𝑗 𝑡𝑡 /𝜕𝜕𝜕𝜕 is the change in per capita capital stock, and 𝑛𝑛𝑘𝑘𝑗𝑗 𝑡𝑡 is capital given to
new consumers

Deriving Equilibrium: Consumer Problem
Rewrite budget constraint: 𝑘𝑘̇𝑗𝑗 = 𝑟𝑟𝑗𝑗 − 𝑛𝑛 𝑘𝑘𝑗𝑗 + 𝑤𝑤𝑗𝑗 − 𝑐𝑐𝑗𝑗
Set up Hamiltonian:

FOC give:

ℋ = 𝑒𝑒 −

𝜌𝜌−𝑛𝑛 𝑡𝑡

log 𝑐𝑐𝑗𝑗 + 𝜆𝜆𝑗𝑗

𝑟𝑟𝑗𝑗 − 𝑛𝑛 𝑘𝑘𝑗𝑗 + 𝑤𝑤𝑗𝑗 − 𝑐𝑐𝑗𝑗

𝜕𝜕ℋ𝑗𝑗 𝑡𝑡
𝑒𝑒 − 𝜌𝜌−𝑛𝑛 𝑡𝑡
=
− 𝜆𝜆𝑗𝑗 𝑡𝑡 = 0
𝑐𝑐𝑗𝑗 𝑡𝑡
𝜕𝜕𝑐𝑐𝑗𝑗 𝑡𝑡
𝜕𝜕ℋ𝑗𝑗 𝑡𝑡
= 𝜆𝜆𝑗𝑗 𝑡𝑡 𝑟𝑟𝑗𝑗 𝑡𝑡 − 𝑛𝑛 = −𝜆𝜆̇ 𝑡𝑡
𝜕𝜕𝑘𝑘𝑗𝑗 𝑡𝑡
𝜕𝜕ℋ𝑗𝑗 𝑡𝑡
= 𝑟𝑟𝑗𝑗 − 𝑛𝑛 𝑘𝑘𝑗𝑗 𝑡𝑡 + 𝑤𝑤𝑗𝑗 𝑡𝑡 − 𝑐𝑐𝑗𝑗 𝑡𝑡 = 𝑘𝑘̇𝑗𝑗 𝑡𝑡
𝜕𝜕𝜆𝜆𝑗𝑗 𝑡𝑡

Transversality condition: lim 𝜆𝜆𝑗𝑗 𝑡𝑡 𝑘𝑘𝑗𝑗 𝑡𝑡 = 0
𝑡𝑡→∞

Consumer Equilibrium Conditions
Rearrange the FOC get the following two equations:

𝑟𝑟𝑗𝑗 𝑡𝑡 = 𝜌𝜌 +

𝑐𝑐𝑗𝑗̇ 𝑡𝑡
𝑐𝑐𝑗𝑗 𝑡𝑡

𝑘𝑘̇𝑗𝑗 𝑡𝑡 = 𝑟𝑟𝑗𝑗 − 𝑛𝑛 𝑘𝑘𝑗𝑗 𝑡𝑡 + 𝑤𝑤𝑗𝑗 𝑡𝑡 − 𝑐𝑐𝑗𝑗 𝑡𝑡

Plus the transversality condition:

lim 𝑒𝑒

𝑡𝑡→∞

𝑘𝑘
− 𝜌𝜌−𝑛𝑛 𝑡𝑡 𝑗𝑗

𝑡𝑡
=0
𝑐𝑐𝑗𝑗 𝑡𝑡

Final Goods Sector
Perfectly competitive final goods producers in country 𝑗𝑗 create final output from intermediate inputs
and maximize profits in each period (drop 𝑡𝑡 )
Subject to CES production function

max 𝑦𝑦𝑗𝑗 − 𝑝𝑝𝑘𝑘 𝑥𝑥𝑗𝑗,𝑘𝑘 − 𝑝𝑝𝑙𝑙 𝑥𝑥𝑗𝑗,𝑘𝑘

𝑦𝑦𝑗𝑗 =

𝑥𝑥𝑗𝑗,𝑘𝑘

𝑏𝑏

+ 𝑥𝑥𝑗𝑗,𝑙𝑙

1
𝑏𝑏 1−𝑏𝑏

Where 𝜎𝜎 = 1/ 1 − 𝑏𝑏 is the elasticity of subsitition between inputs

Deriving Equilibrium: Final Goods Sector
Plug technology into maximization problem and take FOC for good 𝑧𝑧 = 𝑘𝑘, 𝑙𝑙:
𝑥𝑥𝑗𝑗,𝑧𝑧

𝑏𝑏
:
𝑥𝑥
1 − 𝑏𝑏 𝑗𝑗,𝑧𝑧

Ratio of FOC gives: 𝑥𝑥𝑗𝑗,−𝑧𝑧 = 𝑥𝑥𝑗𝑗,𝑧𝑧

𝑏𝑏−1

𝑥𝑥𝑗𝑗,𝑘𝑘

𝑏𝑏

+ 𝑥𝑥𝑗𝑗,𝑙𝑙

1
−1
𝑏𝑏 1−𝑏𝑏

− 𝑝𝑝𝑧𝑧 = 0

1

𝑝𝑝−𝑧𝑧 𝑏𝑏−1
1

𝑝𝑝𝑧𝑧 𝑏𝑏−1

Plug above back into FOC and substitute back in production function and consumer demand:
𝑥𝑥𝑗𝑗,𝑧𝑧 =

And zero profit condition gives: 1 = 𝑝𝑝𝑧𝑧

𝑏𝑏
𝑏𝑏−1

1
𝑏𝑏−1
𝑝𝑝𝑧𝑧

+ 𝑝𝑝−𝑧𝑧

𝑟𝑟𝑗𝑗 𝑘𝑘𝑗𝑗 + 𝑤𝑤𝑗𝑗

𝑏𝑏
𝑏𝑏−1

Final Goods Sector: Zero Profit Condition
Have zero profit condition (recall 𝑝𝑝𝑗𝑗 = 1)
Therefore:

𝑟𝑟𝑗𝑗 𝑘𝑘𝑗𝑗 + 𝑤𝑤𝑗𝑗 =

𝑝𝑝𝑘𝑘

1
𝑏𝑏−1

𝑟𝑟𝑗𝑗 𝑘𝑘𝑗𝑗 + 𝑤𝑤𝑗𝑗

1 = 𝑝𝑝𝑧𝑧

𝑏𝑏
𝑏𝑏−1

𝑝𝑝𝑘𝑘 +

+ 𝑝𝑝−𝑧𝑧

𝑝𝑝𝑙𝑙
𝑏𝑏
𝑏𝑏−1

1
𝑏𝑏−1

𝑟𝑟𝑗𝑗 𝑘𝑘𝑗𝑗 + 𝑤𝑤𝑗𝑗

𝑝𝑝𝑙𝑙

Intermediate Goods Sector: Capital Good
Perfectly competitive intermediate capital good producers
𝑗𝑗

max 𝑝𝑝𝑘𝑘 𝑥𝑥𝑘𝑘 − 𝑟𝑟𝑗𝑗 𝑘𝑘𝑗𝑗

Subject to linear technology function (one unit of capital = one unit of intermediate capital good)
𝑗𝑗

𝑥𝑥𝑘𝑘 = 𝑘𝑘𝑗𝑗

Intermediate Goods Sector: Labor Good
Perfectly competitive intermediate capital good producers
𝑗𝑗

max 𝑝𝑝𝑙𝑙 𝑥𝑥𝑙𝑙 − 𝑤𝑤𝑗𝑗 𝑙𝑙𝑗𝑗

Subject to linear technology function scaled by labor productivity parameter: 𝐴𝐴𝑗𝑗
𝑗𝑗

𝑥𝑥𝑙𝑙 = 𝐴𝐴𝑗𝑗 𝑙𝑙𝑗𝑗

(one unit of labor = 𝐴𝐴𝑗𝑗 units of intermediate labor good)

Intermediate Goods Sector: Equilibrium Conditions
Perfectly competitive intermediate goods markets imply rental rate is:
𝑟𝑟𝑗𝑗 = 𝑝𝑝𝑘𝑘

Therefore if have trade, FPE holds and capital rental rate is same everywhere.
Wage rate is scaled by labor productivity:
𝑤𝑤𝑗𝑗 = 𝐴𝐴𝑗𝑗 𝑝𝑝𝑙𝑙

Market Clearing
At the country level, market clearing implies that (variables are per capita)
𝑗𝑗
𝐴𝐴𝑗𝑗 ∑𝑁𝑁
𝐴𝐴
𝑗𝑗=1 𝜋𝜋𝑗𝑗 𝑥𝑥𝑙𝑙
=
⇒
=
𝑗𝑗
𝑗𝑗
𝑘𝑘
∑𝑁𝑁
𝑥𝑥𝑘𝑘 𝑘𝑘𝑗𝑗
𝑗𝑗=1 𝜋𝜋𝑗𝑗 𝑥𝑥𝑘𝑘
𝑗𝑗

𝑥𝑥𝑙𝑙

Where here 𝑘𝑘 and 𝐴𝐴 are world averages

And therefore at the world level (rewrite demand from final good problem):
𝑥𝑥𝑗𝑗,𝑙𝑙
𝑟𝑟𝑗𝑗 𝑘𝑘𝑗𝑗 + 𝑤𝑤𝑗𝑗
𝑝𝑝𝑙𝑙
=
𝑝𝑝𝑘𝑘
𝑥𝑥𝑗𝑗,𝑘𝑘
𝑟𝑟𝑗𝑗 𝑘𝑘𝑗𝑗 + 𝑤𝑤𝑗𝑗

𝑏𝑏−1
𝑏𝑏−1

𝑘𝑘
=
𝐴𝐴

1−𝑏𝑏

World Dynamics
Can look at world dynamics of average per capita consumption and investment by combining
𝑁𝑁
country level consumer FOC with prices and averaging. Let 𝑐𝑐 = ∑𝑁𝑁
𝑗𝑗=1 𝜋𝜋𝑗𝑗 𝑐𝑐𝑗𝑗 and 𝑘𝑘 = ∑𝑗𝑗=1 𝜋𝜋𝑗𝑗 𝑘𝑘𝑗𝑗 then
𝑐𝑐̇
= 𝑟𝑟 − 𝜌𝜌 = 𝐴𝐴𝑏𝑏 + 𝑘𝑘 𝑏𝑏
𝑐𝑐

1−𝑏𝑏
𝑏𝑏 𝑘𝑘 𝑏𝑏−1

𝑘𝑘̇ = 𝑟𝑟 + 𝑤𝑤 − 𝑛𝑛𝑛𝑛 − 𝑐𝑐𝑗𝑗 = 𝐴𝐴𝑏𝑏 + 𝑘𝑘 𝑏𝑏

When does the world have long run growth? When 𝑟𝑟 > 𝜌𝜌

1
𝑏𝑏

− 𝜌𝜌

− 𝑛𝑛𝑛𝑛 − 𝑐𝑐

World Dynamics
Can look at world dynamics of average per capita consumption and investment by combining
𝑁𝑁
country level consumer FOC with prices and averaging. Let 𝑐𝑐 = ∑𝑁𝑁
𝑗𝑗=1 𝜋𝜋𝑗𝑗 𝑐𝑐𝑗𝑗 and 𝑘𝑘 = ∑𝑗𝑗=1 𝜋𝜋𝑗𝑗 𝑘𝑘𝑗𝑗 then
𝑐𝑐̇
= 𝑟𝑟 − 𝜌𝜌 = 𝐴𝐴𝑏𝑏 + 𝑘𝑘 𝑏𝑏
𝑐𝑐

1−𝑏𝑏
𝑏𝑏 𝑘𝑘 𝑏𝑏−1

𝑘𝑘̇ = 𝑟𝑟 + 𝑤𝑤 − 𝑛𝑛𝑛𝑛 − 𝑐𝑐𝑗𝑗 = 𝐴𝐴𝑏𝑏 + 𝑘𝑘 𝑏𝑏

When does the world have long run growth? When 𝑟𝑟 > 𝜌𝜌

1
𝑏𝑏

− 𝜌𝜌

− 𝑛𝑛𝑛𝑛 − 𝑐𝑐

• If 𝜎𝜎 = 1/ 1 − 𝑏𝑏 > 1, then 𝑟𝑟 ≥ 1 > 𝜌𝜌 through growth in capital stock alone

• If 𝜎𝜎 < 1 then capital accumulation won’t lead to sustained growth (eventually 𝑟𝑟 = 𝑝𝑝); require
growth in 𝐴𝐴 to have growth

Autarky Dynamics
Autarky can be though of as set of independent worlds, still have
𝑐𝑐𝑗𝑗̇
= 𝑟𝑟𝑗𝑗 − 𝜌𝜌 = 𝐴𝐴𝑗𝑗𝑏𝑏 + 𝑘𝑘𝑗𝑗𝑏𝑏
𝑐𝑐𝑗𝑗

1−𝑏𝑏
𝑏𝑏 𝑘𝑘 𝑏𝑏−1
𝑗𝑗

𝑘𝑘̇ 𝑗𝑗 = 𝑟𝑟𝑗𝑗 + 𝑤𝑤𝑗𝑗 − 𝑛𝑛𝑘𝑘𝑗𝑗 − 𝑐𝑐𝑗𝑗 = 𝐴𝐴𝑗𝑗𝑏𝑏 + 𝑘𝑘𝑗𝑗𝑏𝑏

1
𝑏𝑏

− 𝜌𝜌

− 𝑛𝑛𝑘𝑘𝑗𝑗 − 𝑐𝑐𝑗𝑗

Note there are diminishing returns for growth rate from capital accumulation.
• Therefore poor countries grow faster than rich ones

Autarky Dynamics
Autarky can be though of as set of independent worlds, still have
𝑐𝑐𝑗𝑗̇
= 𝑟𝑟𝑗𝑗 − 𝜌𝜌 = 𝐴𝐴𝑗𝑗𝑏𝑏 + 𝑘𝑘𝑗𝑗𝑏𝑏
𝑐𝑐𝑗𝑗

1−𝑏𝑏
𝑏𝑏 𝑘𝑘 𝑏𝑏−1
𝑗𝑗

𝑘𝑘̇ 𝑗𝑗 = 𝑟𝑟𝑗𝑗 + 𝑤𝑤𝑗𝑗 − 𝑛𝑛𝑘𝑘𝑗𝑗 − 𝑐𝑐𝑗𝑗 = 𝐴𝐴𝑗𝑗𝑏𝑏 + 𝑘𝑘𝑗𝑗𝑏𝑏

1
𝑏𝑏

− 𝜌𝜌

− 𝑛𝑛𝑘𝑘𝑗𝑗 − 𝑐𝑐𝑗𝑗

Note there are diminishing returns for growth rate from capital accumulation.
• Therefore poor countries grow faster than rich ones

Free Trade Relative Dynamics
Suppose FPE holds, examine growth in variables relative to world averages (e.g. 𝑘𝑘𝑗𝑗𝑅𝑅 =
We have following law of motion for capital:

where

𝑘𝑘𝑗𝑗
𝑘𝑘

).

𝑘𝑘̇𝑗𝑗𝑅𝑅 = 𝜙𝜙 𝑘𝑘𝑗𝑗𝑅𝑅 − 𝐴𝐴𝑗𝑗𝑅𝑅
∞
𝑇𝑇
𝐴𝐴
𝜙𝜙 =
𝜌𝜌 − 𝑛𝑛 � 𝑝𝑝𝑙𝑙 𝑒𝑒 − ∫𝑡𝑡
𝑘𝑘
𝑡𝑡

𝑝𝑝𝑘𝑘 −𝑛𝑛 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 − 𝑝𝑝𝑙𝑙

Alternatively integrates to (bring back 𝑡𝑡 subscripts for 𝑘𝑘 since depends on initial capital stock)
𝑡𝑡

𝑘𝑘𝑗𝑗𝑅𝑅 𝑡𝑡 = 𝐴𝐴𝑗𝑗𝑅𝑅 + 𝑒𝑒 ∫0 𝜙𝜙𝜙𝜙𝜙𝜙 𝑘𝑘𝑗𝑗𝑅𝑅 0 − 𝐴𝐴𝑗𝑗𝑅𝑅

Free Trade Relative Dynamics
Suppose FPE holds, examine growth in variables relative to world averages (e.g. 𝑘𝑘𝑗𝑗𝑅𝑅 =
We have following law of motion for capital:

where

𝑘𝑘𝑗𝑗
𝑘𝑘

).

𝑘𝑘̇𝑗𝑗𝑅𝑅 = 𝜙𝜙 𝑘𝑘𝑗𝑗𝑅𝑅 − 𝐴𝐴𝑗𝑗𝑅𝑅
∞
𝑇𝑇
𝐴𝐴
𝜙𝜙 =
𝜌𝜌 − 𝑛𝑛 � 𝑝𝑝𝑙𝑙 𝑒𝑒 − ∫𝑡𝑡
𝑘𝑘
𝑡𝑡

𝑝𝑝𝑘𝑘 −𝑛𝑛 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 − 𝑝𝑝𝑙𝑙

Note that 𝜙𝜙 common across countries, so relative growth rates depends only on difference
between relative capital stock and relative labor productivity
• Suppose 𝜙𝜙 < 0, then countries with low 𝑘𝑘𝑗𝑗𝑅𝑅 (relative to 𝐴𝐴𝑗𝑗𝑅𝑅 ) grow faster

Free Trade Relative Dynamics
Suppose FPE holds, examine growth in variables relative to world averages (e.g. 𝑘𝑘𝑗𝑗𝑅𝑅 =
We have following law of motion for capital:

where

𝑘𝑘𝑗𝑗
𝑘𝑘

).

𝑘𝑘̇𝑗𝑗𝑅𝑅 = 𝜙𝜙 𝑘𝑘𝑗𝑗𝑅𝑅 − 𝐴𝐴𝑗𝑗𝑅𝑅
∞
𝑇𝑇
𝐴𝐴
𝜙𝜙 =
𝜌𝜌 − 𝑛𝑛 � 𝑝𝑝𝑙𝑙 𝑒𝑒 − ∫𝑡𝑡
𝑘𝑘
𝑡𝑡

𝑝𝑝𝑘𝑘 −𝑛𝑛 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 − 𝑝𝑝𝑙𝑙

Note that 𝜙𝜙 common across countries, so relative growth rates depends only on difference
between relative capital stock and relative labor productivity
• Suppose 𝜙𝜙 < 0, then countries with low 𝑘𝑘𝑗𝑗𝑅𝑅 (relative to 𝐴𝐴𝑗𝑗𝑅𝑅 ) grow faster

Free Trade Dynamics
Define 𝓏𝓏 =

and

𝑐𝑐
𝑘𝑘

. Then
∞
𝑇𝑇
𝓏𝓏̇ 𝑐𝑐̇ 𝑘𝑘̇ 𝐴𝐴
− ∫𝑡𝑡
= − =
𝜌𝜌 − 𝑛𝑛 � 𝑝𝑝𝑙𝑙 𝑒𝑒
𝓏𝓏 𝑐𝑐 𝑘𝑘 𝑘𝑘
𝑡𝑡

𝑝𝑝𝑘𝑘 −𝑛𝑛 𝑑𝑑𝑑𝑑

𝓏𝓏̇
= 𝓏𝓏 − 𝜌𝜌 + 𝑛𝑛 − 𝐴𝐴𝑏𝑏 + 𝑘𝑘 𝑏𝑏
𝓏𝓏
𝑘𝑘̇ = 𝐴𝐴𝑏𝑏 + 𝑘𝑘 𝑏𝑏

Which we can use to make a phase diagram

1
𝑏𝑏

𝑑𝑑𝑑𝑑 − 𝑝𝑝𝑙𝑙 = 𝜙𝜙

1−𝑏𝑏
𝑏𝑏 𝐴𝐴𝑘𝑘 −1

− 𝑛𝑛 + 𝓏𝓏 𝑘𝑘

Free Trade Dynamics: Three Cases
Case 1: 𝜎𝜎 > 1

• Both curves decline monotonically towards steady state values. Cross section of capital
approaches cross section of labor productivities.
Case 2: 𝜎𝜎 > 1, but high enough that steady state is in downward sloping region of 𝓏𝓏̇ = 0 curve.

• If economy starts with low capital, 𝓏𝓏, increases before declining again. Cross section of capital
stocks moves away from cross section of labor productivities, but later reverses course as world
becomes rich enough on average.

Case 3: 𝜎𝜎 < 1 and steady state is in upward sloping area of 𝓏𝓏̇ = 0 curve.

• 𝓏𝓏 is increasing during transition, and distribution of capital stocks moves away from distribution
of labor productivities, and does not reverse course.

Free Trade Dynamics: 𝝈𝝈 > 𝟏𝟏

Ventura (1997)

Free Trade Dynamics: 𝝈𝝈 < 𝟏𝟏 (case 1)

Ventura (1997)

Free Trade Dynamics: 𝝈𝝈 < 𝟏𝟏 (case 2)

Ventura (1997)

Growth Miracles
What makes the growth miracle?
• Let there be higher capital returns in miracle economies: 𝑟𝑟𝑗𝑗 = 𝑝𝑝𝑘𝑘 1 + 𝜃𝜃𝑗𝑗

• Can think of this as government policy subsidizing investment of domestic firms

• Assume miracle economies small, so they do not affect world prices
• Since small can allow growth and discount parameters to differ

𝐴𝐴
𝜙𝜙𝑗𝑗 =
𝑘𝑘

𝑘𝑘̇𝑗𝑗𝑅𝑅 = 𝜙𝜙 + 𝑝𝑝𝑘𝑘 𝜃𝜃𝑗𝑗 + 𝜌𝜌 − 𝜌𝜌𝑗𝑗 𝑘𝑘𝑗𝑗𝑅𝑅 − 𝜙𝜙𝑗𝑗 𝐴𝐴𝑗𝑗𝑅𝑅
∞

𝑇𝑇

𝜌𝜌𝑗𝑗 − 𝑛𝑛𝑗𝑗 � 𝑝𝑝𝑙𝑙 𝑒𝑒 − ∫𝑡𝑡
𝑡𝑡

𝑝𝑝𝑘𝑘 1+𝜃𝜃𝑗𝑗 −𝑛𝑛𝑗𝑗 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 − 𝑝𝑝𝑙𝑙

Sustaining Growth Miracles
Can compute GDP of miracle economies in both autarky and free trade
• Under autarky, economies are subject to diminishing returns
𝐺𝐺𝐺𝐺𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =

• Under free trade, technology appears linear

𝑘𝑘𝑗𝑗𝑏𝑏

+

1
𝑏𝑏 𝑏𝑏
𝐴𝐴𝑗𝑗

𝐺𝐺𝐺𝐺𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑝𝑝𝑙𝑙 𝐴𝐴𝑗𝑗 + 𝑝𝑝𝑘𝑘 𝑘𝑘𝑗𝑗

Sustaining Growth Miracles: Review
Model can explain conditional convergence with or without trade
Can only explain growth miracles with trade
• Doesn’t explain the initial miracle (𝜃𝜃𝑗𝑗 ) just how the high growth rates can be sustained as the
country continues to accumulate capital
• Diminishing returns are at the world level, not necessarily at the country level
• Requires economy to be “small”

Convergence in General Dynamic Heckscher-Ohlin Model
Ventura (1997) shows how convergence can be accelerated due to trade in a dynamic H-O theory
• Their results rely on Factor Price Equalization holding
Bajona and Kehoe (2010) study convergence in environments where FPE may not hold
• Interested in seeing if we can explain Mexico’s lack of convergence to the U.S.
• Finds there are cases where there would be convergence without trade, but with trade there is
divergence (trade can reduce incentive for capital accumulation in poor country)
• Results depend crucially on elasticity of substitution (as in Ventura) and pattern of specialization
over time – whether countries specialize completely in either the capital or labor intensive good

No Miracle for Mexico: GDP per capita (2005 USD)

No Miracle for Mexico: GDP per capita (2005 USD) – log scale

Growth Accounting
Assume a country permits a Cobb Douglas aggregate production function
𝑌𝑌𝑡𝑡 = 𝐴𝐴𝑡𝑡 𝐾𝐾𝑡𝑡𝛼𝛼 𝐿𝐿1−𝛼𝛼
𝑡𝑡

Can decompose growth in GDP per capita into growth in productivity, capital stock, and labor stock

Where productivity is computed as

𝑌𝑌𝑡𝑡
=
𝑁𝑁𝑡𝑡

1
1−𝛼𝛼
𝐴𝐴𝑡𝑡

𝐴𝐴𝑡𝑡 =

𝐾𝐾𝑡𝑡
𝑌𝑌𝑡𝑡

𝛼𝛼
1−𝛼𝛼

𝑌𝑌𝑡𝑡
𝐾𝐾𝑡𝑡𝛼𝛼 𝐿𝐿1−𝑎𝑎
𝑡𝑡

𝐿𝐿𝑡𝑡
𝑁𝑁𝑡𝑡

To do this we need data on GDP, population, the capital stock, and labor supply.

Growth Accounting: Data Required
To conduct growth accounting we require the following data:
• GDP 𝑌𝑌𝑡𝑡 : take directly from national accounts

• Capital stock 𝐾𝐾𝑡𝑡 : take capital flows from national accounts, estimate capital stock with
perpetual inventories method
• Labor stock 𝐿𝐿𝑡𝑡 : use estimated hours worked (from OECD or Total Economy Database)

• Population 𝑁𝑁𝑡𝑡 : use working age population (population of 15-64 year olds) from OECD or WDI

Growth Accounting: Estimating Labor Share
Can either set 1 − 𝛼𝛼 = 0.7 following common practice, or estimate
1 − 𝛼𝛼 =

𝐶𝐶𝐸𝐸𝑡𝑡
𝐺𝐺𝐺𝐺𝑃𝑃𝑡𝑡 − 𝑂𝑂𝑂𝑂𝑂𝑂𝐼𝐼𝑡𝑡 − 𝐶𝐶𝐹𝐹𝑡𝑡 − 𝑇𝑇𝑡𝑡

Which requires the following data from the National Accounts
• Compensation of Employees 𝐶𝐶𝐸𝐸𝑡𝑡

• Household Gross Operating Surplus and Mixed Income 𝑂𝑂𝑂𝑂𝑂𝑂𝐼𝐼𝑡𝑡
• Household consumption of fixed capital 𝐶𝐶𝐹𝐹𝑡𝑡
• Taxes less subsidies 𝑇𝑇𝑡𝑡

Growth Accounting: Perpetual Inventories Method
In data, typically observe investment flows, not capital stocks directly.
Estimate stocks using perpetual inventories method:
𝐾𝐾𝑡𝑡+1 = 1 − 𝛿𝛿 𝐾𝐾𝑡𝑡 + 𝑋𝑋𝑡𝑡

Where 𝑋𝑋𝑡𝑡 is investment (Gross Fixed Capital Formation + Changes in Inventories), and 𝛿𝛿 is set to
match the average depreciation rate relative to GDP (using Consumption of Fixed Capital):
𝑡𝑡+𝜏𝜏𝛿𝛿

1
𝛿𝛿𝐾𝐾𝑡𝑡
Consumption of Fixed Capital
�
=
𝜏𝜏𝛿𝛿 ′
𝑌𝑌𝑡𝑡
GDP
𝑡𝑡 =𝑡𝑡+1

Then set 𝐾𝐾0 to (typically 𝜏𝜏𝛿𝛿 > 𝜏𝜏𝑘𝑘 )

𝑡𝑡+𝜏𝜏𝐾𝐾

𝐾𝐾0
1
𝐾𝐾 ′
=
� 𝑡𝑡
𝑌𝑌0 𝜏𝜏𝐾𝐾 ′
𝑌𝑌𝑡𝑡 ′
𝑡𝑡 =𝑡𝑡+1

Growth Accounting Examples: Mexico

Growth Accounting Examples: USA

Growth Accounting Examples: China

Growth Accounting Examples: Greece, recent crisis

Growth Accounting Examples: Germany, recent crisis

Growth Accounting Conclusion
Growth in capital stock doesn’t seem to be driving growth in GDP per capita
• Growth due to productivity
• Crises appear to be due to productivity also

But what is driving productivity?

